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This paper presents a mixed piezothermoelastic finite element model for a special THUNDER (thin-layer

unimorph ferroelectric driver) actuator’s structures. In the mixed piezothermoelastic model, an element

includes four displacement nodes, eight temperature nodes, and two potential nodes. Dynamic analyses are

implemented to investigate the thermal deformation during the cooling process, deflection caused by the

repolarization in the repoling process, and the piezothermoelastic coupling effect in the actuating process. The

relationships between these three types of dynamic behaviors are developed by using their initial displacements.

Numerical examples are given to demonstrate the proposed model and method. The accuracy of the computational

results obtained by using the mixed piezothermoelastic model is sufficient. The THUNDER actuator has good

properties on both actuating deflection and resisting load. In engineering applications, thermal strains have a

significant effect on dome height, although thermoelectric coupling is relative small but still noticeable. Numerical

results show that piezothermoelastic dynamic analysis is necessary for a THUNDER actuator to be used more

effectively and accurately.

Nomenclature

A = area of single surface of the whole PZT layer
a, b, c = lengths of a element in the directions of x, y, and z
B = strain matrix
B0
u = initial strain matrix

C = specific heat capacity
CV = capacitance
Dz = electric displacement
d31, d31 = piezoelectric strain constants
E = electric field intensity
e = matrix of piezoelectric coefficients
F = force vector (mechanical or heat)
f = surface force on a unit surface

hv = thermal convection coefficient
K = stiffness matrix
k = thermal conductivity coefficient
M = mass matrix
Pb = body force in a unit volume
P3 = pyroelectric constant

�Q = surface charge on a unit surface
q = vector of displacement
qheat = heat flux

qi = vector of displacement of ith node
qrepole = initial displacement vector after the repoling

process is completed
q0 = initial displacement vector

SE = matrix of elastic constant
T, T0, T1 = instantaneous, initial, and environmental

temperature
Ti = ith temperature node
t = thickness
N = shape function
u, v, w = displacements in the directions of x, y, and z
Vz = voltage applied
x, y, z = coordinates
x0, y0, z0 = coordinates of the element’s geometric center point
�v = scalar of constitutive coefficient
�x, �y = thermal expansion coefficients at x and y

directions
�xy = shear strain
� = variation operator
�D = Dirac function
"cool = strain vector formed in the cooling process
"repole = strain vector caused by repolarization
"x, "y = strains in the directions of x and y
"0 = initial displacement vector

"E33 = dielectric constant or permittivity
� = entropy density
� = temperature variation
�s = saturation electrostriction value
� = matrix of temperature stress coefficients
� = Poisson ratio
� = mass density
� = stress vector
�� = surface charge on a unit surface
� = potential
�A, �B = potential nodes

r� = gradient of temperature variation
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I. Introduction

T HUNDER actuator (thin-layer unimorph ferroelectric driver,
developed at the NASA Langley Research Center), a type of

prestressed piezoelectric actuator, has been further developed
actively in the past 10 years. It has good combination property on
actuating displacement and carrying load compared with traditional
direct extensional flat actuators, and can be fabricated in any size and
thickness [1]. As depicted in Fig. 1, a typical THUNDER actuator
consists of a piezoelectric wafer, a thin sheet of aluminum, LaRC-SI¶

adhesive layers, and a metal backing of stainless steel or brass. In an
autoclave at a temperature of 325�C with a pressure of 100 psi,
LaRC-SI adhesive is cured and all layers are bonded together in a flat
condition. After pressure is released and the laminated plates is
cooled to room temperature 25�C, internal stress and curved shape
are induced due to difference in coefficients of thermal expansion
of thevarious layers. The process is referred to as the cooling process.
In the above process, the THUNDERmaterials are heated to temper-
ature in the proximity of the Curie temperature, so piezoceramic
wafer needs to be repoled by applying a large dc voltage on it to align
dipole moments in the thickness direction, the process is referred to
as the repoling process. More details concerning the cooling process
and the repoling process can be found in [2,3].When themanufacture
of a THUNDER actuator is finished, an applied external voltage can
induce an actuating displacement, which is referred to here as the
actuating process.

For a THUNDER actuator, the internal stress and curved shape
play an important role in its actuating capability, and they are mainly
induced in the cooling process. In the past 10 years, the curved shape
due to the cooling process and the actuating capability in the actu-
ating process has been studied widely, in which classical lamination
theory, von Kármán nonlinear plate theory, and Rayleigh–Ritz
techniques were involved [2,4,5]. To study the stability and bifur-
cation of the shape formed in the cooling process [4], a four-term
Rayleigh–Ritz techniquewas employed to approximate the displace-
ment fields [6]. This was improved by a 23-term Rayleigh–Ritz
model [7] and the better accuracy was verified by experiments [8]. In
numerical simulations, parallel algorithm was applied to deal with
the problem involving a large number of degrees of freedom gen-
erated from modeling each thin layer by solid elements [9]. In
experimental investigations, the dome height formed in the cooling
process and the actuating displacements were measured [2,4,5], and
the actuating capability of a THUNDER actuator with various end
conditions [10] or in the case of mechanical preloads [11] was
investigated. The actuating capability of RAINBOW (reduced and
internally biased oxide wafer) and THUNDER actuators were com-
pared in the case of the two actuators having the same piezoelectric
compositions, geometries and ceramic-to-metal thickness ratios
[12]. In engineering applications, the good ability of THUNDER
actuator in vibration control was exhibited in experiments [13,14],
and so on.

The above research related the cooling process with the actuating
process, but did not involve the repoling process, which lies in the
middle of the cooling process and actuating process. Capozzoli et al.
[3] especially studied the effect on dome height due to the repoling
process and pointed out that the repolarization produces a subsequent
reduction in curvature because of the realignment of dipole moments
in the transverse direction. Based on ferroelectric domain theory,
they calculated the reduction and proved that the repolarization
has a significant effect on dome height through experiments [2].
Therefore, to study the evolution process of dome height or shape of a
THUNDER actuator systematically, the repoling process should be
considered between the cooling process and actuating process,which
is one of the main works in this paper.

Temperature variation plays an important role in the internal stress
and curved shape in the cooling process, and it is still an important
factor in the actuating process, because the curved shape will be
changed by thermal strains and pyroelectric effect. Since temperature

variation is evitable for most engineering cases, it is necessary to
study the piezothermoelastic coupling problem.

Finite element method is a powerful tool to study piezothermoe-
lastic dynamic analysis [15]. Currently, researchers prefer defining
displacement nodes,which are also considered as potential nodes and
temperature nodes simultaneously, or a set of nodes that are shared
by displacement nodes, potential nodes, and temperature nodes. An
example is the eight-node solid elementmodel [16–18] as depicted in
Fig. 2a, in which the displacement nodes, potential nodes, and
temperature nodes are all defined by the same eight nodes. The eight-
node solid element model is convenient to satisfy any complex 3-D
heat boundary conditions, but it is needed to introduce incompatible
nodes by incorporating internal degrees of freedom to correct the
excessive shear strain energy and ill-conditioned problem when
the conventional isoparametric hexahedron solid element is used in a
thin plate [17]. The other example is the four-node plate element
model [19–22], as shown inFig. 2b, inwhich the displacement nodes,
potential nodes, and temperature nodes are all defined by the same
four nodes located in middle plane. The four-node plate element
model is convenient to describe displacement field of thin plate, but it
is not easy to satisfy complicated 3-D heat boundary conditions [20].
At present, the two typical piezothermoelastic element models have
already been widely used and practice shows that they are very
convenient to number nodes.

Another type of model is to define displacement nodes, potential
nodes, and temperature nodes independently, or each type of node
is defined in its own way. This type of mixed element model has
been rarely used in piezothermoelastic coupling problem, due to its
inconvenience on number nodes. Since there are so many types of
displacement elementmodels, potential elementmodels, and thermal
element models to be chosen, it would be much better if they can be
well combined together by using various energy principles. Then
the mixed-mode element has its own advantages, such as having
more freedom and multiformity in modeling for various complex
structures with complicated thermal boundary conditions.

Therefore, for THUNDER actuator’s special structures, a mixed
piezothermoelastic finite element model is proposed in this study that
combines thedisplacementelementmodels,potential elementmodels,
and thermal elementmodels.Based on themixedmodel, the evolution
process of dome height in the cooling process, repoling process, and
actuating process is studied systematically, and the accuracy of the
mixed element model and the influence of thermal strain and
pyroelectric effect on actuating performance are investigated.

II. Finite Element Model

A. Mixed Piezothermoelastic Finite Element Model

Generally, a THUNDER actuator belongs to thin laminated plates,
and a four-node plane displacement element model is convenient to

LaRC-SI adhesive

aluminum

PZT 

LaRC-SI adhesive

stainless steel

Fig. 1 Cross section of a THUNDER actuator.

Fig. 2 Two typical piezothermoelastic element models: a) eight-node
piezothermoelastic solid element model and b) four-node piezothermoe-

lastic plate element model.

¶NASALangleyResearch Center’s soluble imide, a thermoplastic material
developed by Dr. Robert G. Bryant.
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describe its geometric nonlinear displacement field. In view of five
layers and four materials involved, an eight-node solid element
model can be chosen to describe each layer’s temperature field,
which is easy to satisfy the complicated 3-D heat boundary
conditions. Considering the top and bottom surfaces of the piezo-
electric material are all coated with an electrode, such as silver epoxy
[12], a two-node linear element is concise to describe its potential
field. Integrating them together, a mixed piezothermoelastic finite
element model is presented in Fig. 3, in which the cuboid of
T1-T2-T3-T4-T5-T6-T7-T8 is the element whose size is 2a � 2b � 2c;
the rectangular qi-qj-qm-qp is the element’s projection on the
actuator’s geometrical middle plane; qi, qj, qm, and qp are dis-
placement nodes; T1, T2, T3, T4, T5, T6, T7, and T8 are temperature
nodes; and �A and �B are potential nodes. The local coordinate
system of the element is oxyz, whose origin is at the geometric center
of the rectangular qi-qj-qm-qp. For nonpiezoelectric material layers,
theelementmodel is the remainingafterpotentialnodesareeliminated
from Fig. 3.

Considering geometric nonlinearity, the von Kármán nonlinear
theory is used here [4]:

8>>>>>><
>>>>>>:

"x � @u0
@x
� 1

2

�
@!0

@x

�
2

� z @2!0

@x2

"y � @v0
@y
� 1

2

�
@!0

@y

�
2

� z @2!0

@y2

�xy � @u0
@y
� @v0

@x
� @!0

@x
@!0

@y
� 2z @

2!0

@x@y

(1)

where the subscript 0 denotes the position in the actuator’s
geometrical middle plane.

The displacement field is defined as follows by a rectangular flat
shell finite element:

q �Nqe (2)

where

q� �u v ! �x �y �T; qe � �qi qj qm qp �T

N� �Ni Nj Nm Np �

Nk �

Npk 0 �z @Nbk
@x

�z @Nbxk
@x

�z @Nbyk
@x

0 Npk �z @Nbk
@y

�z @Nbxk
@y

�z @Nbyk
@y

0 0 Nbk Nbxk Nbyk

0 0 @Nbk=@y @Nbxk=@y @Nbyk=@y

0 0 �@Nbk=@x �@Nbxk=@x �@Nbyk=@x

2
666666664

3
777777775

k� i; j; m; p (3)

where Npk, Nbk, Nbxk, and Nbyk are corresponding interpolation
functions.

Substituting Eq. (2) into Eq. (1) yields

" �Buqe � �BL �Bnon	qe (4)

where

"� � "x "y �xy �T; BL � �BLi BLj BLm BLp �

Bnon �
h
1
2
Lxq

eLx
1
2
Lyq

eLy Lxq
eLy

i
T

BLk �

@Npk
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0 �z @2Nbk
@x2

�z @2Nbxk
@x2

�z @
2Nbyk
@x2

0
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�z @2Nbk
@y2

�z @2Nbxk
@y2

�z @
2Nbyk
@y2

@Npk
@y

@Npk
@x
�2z @2Nbk

@x@y
�2z @2Nbxk

@x@y
�2z @

2Nbyk
@x@y

2
6664

3
7775

�k� i; j; m; p	

L x��Lxi Lxj Lxm Lxp �; Ly��Lyi Lyj Lym Lyp �

Lxk�
�
0 0 @Nbk

@x
@Nbxk
@x

@Nbyk
@x

�
; Lyk�

�
0 0 @Nbk

@y
@Nbxk
@y

@Nbyk
@y

�
(5)

The electrical potential field is defined as follows using linear
interpolation:

��N��
e (6)

where

� e���A �B �T; N��
1

tPZT
�z� zPZTB zPZTA � z � (7)

where zPZTA and zPZTB are the z coordinate values of the PZT layer’s
top and bottom surfaces, respectively.

The positive direction of electric field is defined as the same as the
z axis, then the electric field intensity at the z direction can be
expressed as

Ez ��B��
e; B� �

1

tPZT
� 1 �1 � (8)

Temperature variation of any point in an element is defined as

��N��
e (9)

where �� T � T0, T and T0 are the instantaneous and initial
temperatures, respectively, and

�e � � �a �b �c �d �e �f �g �h �T

N� � �N�a N�b N�c N�d N�e N�f N�g N�h �
N�k � �1� 	k		�1� �k�	�1� 
k
	=8; k� a; b; . . . ; g (10)

where 	� �x � x0	=a, �� �y � y0	=b, and 
� �z � z0	=c and x0,
y0, and z0 are the element’s geometric center coordinates.

Then the gradient of temperature variation can be solved as

r���B��e (11)

where

B � ��� @NT
� =@x @NT

� =@y @NT
� =@z �T (12)

B. Constitutive Relations

For a THUNDER actuator, its piezoelectric material is often
polarized in the thickness direction or z direction only, and then the
piezothermoelastic constitutive relations of piezoelectric material
can be simplified as [17]

� � SE�" � "0	 � eEz � �� (13)

Dz � eT�" � "0	 � "E33Ez � P3� (14)

�� �T�" � "0	 � P3Ez � �v� (15)

qp

T3

T2

T6

T4

x
y

ΦB

ΦA
o

T1

z

T5

T7T8

qi

qm

qj

Fig. 3 Mixed piezothermoelastic element model.
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where � is the stress vector; "0 is the initial displacement vector;
SE is the matrix of elastic constant; e� �SE	T� d31 d32 0 	T is the
matrix of piezoelectric coefficients; d31 and d32 are the piezoelectric
strain constants along the x and y directions, respectively, when
the direction of electric field applied is the z direction;��
SE��x �y 0 	T is the matrix of temperature stress coefficients; �x
and �y are thermal expansion coefficients at x and y directions,
respectively;Dz is electric displacement; "E33 is the dielectric constant
or permittivity; P3 is the pyroelectric constant; � is entropy density;
�v � �C=T0 is the scalar of constitutive coefficient;C is specific heat
capacity; and � is mass density.

C. Finite Element Equations

For piezothermoelastic coupling problem, the following three
equations can be derived from the principle of virtual work [17,23]:Z

V

�"T� dV � �qTF�
Z
S

�qTf dS�
Z
V

�qT�Pb � � �q	 dV (16)

Z
VPZT

�ETD dV �
Z
SPZT

��T �Q dS (17)

T0

Z
V

��T _� dV ��
Z
V

��r�	k�r�	 dV �
Z
S

��Tqheat dS

�
Z
S

��Thv��� T0 � T1	 dS (18)

where � is thevariation operator,F is thevector of concentrated force,
f is surface force on a unit surface,Pb is body force in a unit volume,
�Q is the surface charge on a unit surface, k is thermal conductivity
coefficient, qheat is heat flux, hv is thermal convection coefficient, and
T1 is environmental temperature.

The capacitance CV for the piezoelectric wafer having conductive
electrodes on the top and bottom surfaces can be expressed as

CV � "E33A=tPZT (19)

where A is the area of a single surface of the whole PZT layer.
When voltage Vz is applied on the piezoelectric wafer in the

thickness direction, according to the relationship among electric
charge, voltage, and capacitance, the surface charge on a unit surface
�� can be obtained as

�Q� "E33Vz=tPZT (20)

Now all components in Eqs. (16–18) are known. Substituting all
components into Eqs. (16–18) and considering the arbitrariness of
�q, �� and ��, the piezothermoelastic finite element equations can be
finally obtained as

M uu �q�Kuuq�Ku�� � Ku���Kt0uuq0 � F� Ff � Fpb (21)

� K�uq�K��� � K���� F� � Kt0�uq0 (22)

C�u1 _q� C�u2q � C�� _�� C�� _�� �K�� �K��h 	�� F�c � F�h
(23)

where symbols are given in the Appendix.

III. Discussion

Equations (21–23) are only general piezothermoelastic finite
element equations for a THUNDER actuator. In fact, for the three
stages corresponding to the cooling process, repoling process, and
actuating process, a THUNDER actuator has different physical
properties, and the corresponding dynamic equations are different.
They are discussed one by one as follows.

A. Cooling Process

In the cooling process, a THUNDER actuator is heated to
approach the Curie temperature approximately and its piezoelectric
wafer loses a great deal of polarization, the piezoelectric material
almost acts as a normal dielectric [3]. Then electromechanical
coupling problem can be neglected in the cooling process and the
static equation of heat deformation with zero initial displacements is
expressed as

K uuq�Ku�� (24)

Because Kuu and Ku� are functions of q, Eq. (24) is a nonlinear
algebraic equation and can be solved by using quasi-Newtonmethod
and Broyden–Fletcher–Goldfarb–Shanno method:

q �n�1	 � q�n	 � �K�n	T 	�1��n	 (25)

where

��n	 �Kuuq � Ku��

�K�n�1	T 	�1 �
�
I ��q�n	����n		T
��q�n		T���n	

�
�K�n	T 	�1

�
I ����n	��q�n		T
��q�n		T���n	

�

� �q�n	��q�n		T
��q�n		T���n	

(26)

From Eqs. (21–23), the dynamic equations of the cooling process
can be developed as

M uu �q�Kuuq � Ku��� F� Ff � Fpb (27)

C�u1 _q� C�u2q� C�� _�� �K�� �K��h	�
� F�c � F�h (28)

B. Repoling Process

To align dipolemoments in the thickness direction, the nextmanu-
facturing process is to apply a large dc voltage on the piezoelectric
material. The strain "repole induced by repolarization has been studied
by Capozzoli et al. [3]. Based on their work and considering the
initial strain formed in the cooling process, the constitutive
relationship in the repoling process with constant temperature can
be obtained as

� � SE�" � "cool � �D"repole	 (29)

where

" repole �
h
3
2
��s

3
2
��s 0

i
T

(30a)

�D �
�
0 piezoelectric material layer

1 other layers
(30b)

"cool is the strain vector formed in the cooling process, "repole is the
strainvector caused by repolarization,� is the Poisson ratio, and�s is
the saturation electrostriction value.

According to Eqs. (16) and (29), the dynamic equation of the
repoling process is given by

M uu �q�Kuuq� F0 � Frepole (31)

where

F0 �
Z
VAL�VSI1�VPZT�VSI2�Vsteel

BTuS
E"cool dV

Frepole �
Z
VPZT

BTuS
E"repole dV (32)
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C. Actuating Process Without Temperature Variation

After the repoling process is completed, a THUNDER actuator
can be used as an actuator or sensor, and then its static electro-
mechanical coupling equations at room temperature can be derived
as follows from Eqs. (21–23):

K uuq�Ku���Kt0uuq0 � F� Ff � Fpb (33)

� K�uq�K���� F� � Kt0�uq0 (34)

where

q 0 � qrepole; B0
u � �BL �Bnon	q0�qrepole (35)

where qrepole is initial displacement vector after the repoling process
finished.

Substituting Eq. (34) into Eq. (33) yields

Muu �q� �Kuu �Ku�K�1��K�u	q�Kt0uuq0 �Ku�K�1��K
t0
�uq0

� F� Ff � Fpb � Ku�K�1��F� (36)

Comparing Eq. (36) with Eq. (31), it can be seen that the stiffness
matrixchanges fromKuu toKuu �Ku�K�1��K�u.At the same time, an
additional forceKu�K

�1
��K

t0
�uq0 emerges in the right side of Eq. (36)

due to the resumption of piezoelectric property after repolarization.

D. Actuating Process with Temperature Variation

When temperature is changed in engineering application, the
piezothermoelastic dynamic equations of a THUNDER actuator are
presented as Eqs. (21–23), in which initial displacement vector q0
and initial strain matrix B0

u can be obtained from Eq. (35).
Equations (21–23) are equivalent to the following equation in state

space:

A _x�Bx� u (37)

where

x��q _q � �T; A�
I 0 0

0 Muu 0

0 0 eL

2
64

3
75

B�
0 I 0

�aL�q	 0 �bL�q	
�wL�q	 �dL�q	 �fL

2
64

3
75; u�

8>><
>>:

0

cL�q	
gL

9>>=
>>;

aL�q	�Kuu�q	�Ku��q	K�1��K�u�q	
bL�q	�Ku��q	K�1��K���Ku��q	
cL�q	� �Kt0uu�q	�Ku��q	K�1��K

t0
�u�q		q0�F�Ff

�Fpb �Ku��q	K�1��F�;

dL�q	�C�u1�q	�C��K�1��K�u�q	; eL�C���C��K�1��K��

fL�K���K��h ; gL�C��K�1��
_F��F�c �F�h

wL�C�u2�C��K�1��
_K�u�q	 (38)

Equation (37) is a first-order nonlinear differential equation and is
not difficult to solve.

IV. Numerical Examples

For the three stages of cooling, repoling, and actuating processes,
most of the work focused on one or two stages, and only static
analysis or experimental investigations have been widely addressed.
To the authors’ knowledge, there has been very little research
involving all three processes, and the piezothermoelastic coupling
dynamic behavior was rarely taken into account. Here, some typical
examples are studied to exhibit the evolution process of dome height
in the three stages that verify the correctness and accuracy of the
mixed finite element model presented in this paper. A simply
supported rectangular THUNDER actuator is used to investigate the
actuating capability under heavy load, the effect of piezothermoe-
lastic coupling problems on actuating displacement, and the
capability to reduce the effect caused by temperature variation.

A. Verifying the Accuracy of Shape and Dome Height

For a 25:4 mm � 25:4 mm square actuator, its material param-
eters taken from [2,3,5,22,24] are given in Table 1. In the cooling
process, the curing temperature is 250�C, room temperature is 25�C.
Simply, it is assumed that the cooling process is caused only by
thermal convection. To save computational time, the thermal
convection coefficient is assumed ashv � 104 W=�m2�C	 in order to
make the structure’s temperatures decreasing rapidly and reaching
stable state. In the repoling process and actuating process, the
temperature is constant and equal to room temperature. The applied
external voltage in the actuating process is 100 sin�2��t � 2	� V.

Figure 4 shows that the structure’s temperatures decrease rapidly
and reach stable state 25�C at about 0.3 s. The temperature of
structure’s surface declines faster than that of the inner midpoint,
which is satisfied with the common rules for the special type of
thermal boundary conditions.

Table 1 Material properties for dome-height verification [2,3,5,22,24]

Property PZT 5A Stainless
steel

Aluminum LaRC-SI
adhesive

Thickness t, mm 0.1727 0.0762 0.0254 0.0254
Young’s modulus E, GPa 62.055 262.010 68.950 3.999
Poisson’s ratio � 0.31 0.33 0.33 0.45
Thermal expansion �, 1=�C 1.5 17.3 24 46
Density �, kg=m3 7750 7750 2787 1376
Thermal conduction k, W m�1 �C�1 1.5 35 104 0.244
Heat capacitance C, J kg�1 �C�1 420 465 883 1.2
Piezoelectric constant d31, 10

�12 m=V �170:18 —— —— ——

Electric permittivity "33, 10
�9 F=m 15.039 —— —— ——

Pyroelectric constant p3, 10
�3 Cm�2�C�1 �0:2 —— —— ——

Saturation electrostriction value �s 1:11 � 10�3 —— —— ——

Fig. 4 Response of temperature in the cooling process.
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For this example, Taleghani and Campbell [2] used a NASTRAN
nonlinear finite element model to calculate the static dome height
formed in the cooling process and measured the peak to peak
displacements of dome height due to the voltage applied in
experiments. However, the repoling process was not considered in
their researches. For the repoling process, Capozzoli et al. [3]
employed experimental methods to prove that the repolarization has
a significant effect on dome height. As shown in their three
experiments for three different actuators, the reduction percentages
of dome height are 13.48, 15.93, and 27.32%, respectively. However,
their experiments did not include the actuating process. Therefore,
the results obtained by Taleghani and Campbell [2] are used as
benchmark to directly test the accuracy of the results obtained in this
paper for the cooling process and actuating process. In addition, the
results given in [3] are used to indirectly verify the correctness of the
model and method presented in this paper for the repoling process.

According to the mixed model, each material layer is divided into
256 rectangular parallelepiped elements with the same size and
only one element is on each layer. The total degrees of freedom
for displacement, temperature, and potential are 1280, 1536, and 2,
respectively. According to [4–8], multiple equilibrium shapes exist
for cooled THUNDER actuators in the case of a free–free boundary
condition. For simplicity, the following boundary conditions are
assumed in finite element dynamic analysis: namely, for the four
vertices of square actuator, one vertex’s displacements along the
x axis, y axis, and z axis are constrained; one vertex’s displacements
along the y axis and z axis are constrained; and the other two vertices’

displacements along the z axis are constrained. Assuming that the
damping ratio is 0.3 and letting �t� 0:01 s, the computational
results of dome height formed in the cooling process, response of
temperature in the cooling process, and full response of dome height
in the three stages are given in Table 2 and Figs. 4 and 5, respectively.

In Table 2, the relative errors for the dome heights formed in the
cooling process are also listed. It can be easily observed that both the
static and dynamic methods presented in this paper have good
accuracy for the cooling process.

Figure 5 shows the full dynamic response from the cooling process
and repoling process to the actuating process. The reduction of dome
height due to repolarization is 16.29%, from the point of variation
trend and the order of magnitude, it satisfies with the research results
in [3]. For the actuating process, the calculated result is very close to
the experimental value presented in [2].

References [2,3] did not involve the curved shape of a THUNDER
actuator. For shape prediction, Aimmanee and Hyer [7] used a
23-term Rayleigh–Ritz model to especially investigate the shape
characteristics of rectangular THUNDER actuators with various
side-length-to-thickness ratios when they are cooled from the
adhesive curing temperature to room temperature. One of their
examples, a square actuator of 85.4 by 85.4 mm, is chosen here to
verify the paper’s calculating accuracy on shape prediction.When its
displacement fields are divided into 400 elements with the same size,
the calculated results are shown in Fig. 6, in which Fig. 6a is the
contour plot of shape; Fig. 6b is the 3-D graphics composed of 2000
contours; and the Lx, Ly, and Lz are length, width, and total
thickness of the actuator, respectively. The calculated results agree
with the results presented in [7].

B. Investigation of Piezothermoelastic Coupling Problem

As shown in Fig. 7, a 50:8 � 12:7 mm rectangular actuator is
taken as the example to investigate the piezothermoelastic coupling
problem. For the short edge AB, its displacements along the x axis
and z axis are constrained, its thermal expansion along the y axis
direction and rotation around the y axis are free; for the short edge
CD, its displacement along the z axis are constrained, others are free.
To constrain the rigid displacement along the y axis and considering
the structure’s symmetry, for the straight line connecting two
midpoints of AB and CD, its displacements along the y axis are
constrained. These displacement boundary conditions are used in
the whole process from the cooling process and repoling process to
the actuating process.

The actuator’s material parameters are presented in Table 2.
According to the mixed model presented above, each material layer
is divided into 32 � 8 rectangular parallelepiped elements with the
same size and an element on each layer. The total displacement
freedom degree is 1280, temperature freedom degree is 1536, and
potential freedom degree is 2. Discrete time�t for dynamic analysis
is 0.01 s. Similarly, the structure’s curing temperature is assumed as
250�C, room temperature is 25�C, the thermal convection coefficient
is 104 W=�m2�C	, and damping ratio is 0.01.

Table 2 Dome height formed in the cooling process, �T ��225�C

Result Dome height,
10�3 m

Relative error

NASTRAN
result [2]

1.0160 ——

Dynamic result 1.0274 �1:0274 � 1:0160	=1:0160� 1:12%
Static result 0.9954 �0:9924 � 1:0160	=1:0160��2:03%

Fig. 5 Full response of dome height in the three stages.

Fig. 6 Room-temperature shape prediction: a) contour plot and b) 3-D graphics.
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When the cooling process is finished, the room-temperature shape
is shown in Fig. 8. The full dynamic response of dome height without
load and temperature variation is shown in Fig. 9, in which the
applied external voltage is assumed as 200 sin�2��t� 2	� V.

To investigate its actuating capability under various loads, the
force applied at the actuator’smidpoint along the positive direction of
the z axis is varied from 0 to 15 N, and the step is 2.5 N. At the same
time, the applied voltage is kept fixed at 400V. The calculated results
are presented in Fig. 10, from which it can be seen that the non-
linear relationship between actuating capability and loads is the
concave curve. Relative to linear relation, the concave curve is
beneficial in increasing its capacity in actuating displacement and
bearing load.

To investigate the influence produced by temperature variation
in the actuating process, a voltage of 100 sin�2�t	 V is applied on
the actuator and, at the same time, temperature rises 10�C. The
calculated result of piezothermoelastic dynamics is shown as
solid line in Fig. 11. To reflect the pyroelectric effect clearly, let
pyroelectric constant P3 � 0 and the calculated result is shown as
dotted line in Fig. 11. The dash-dot line in Fig. 11 is the initial dome
height. Compared with the initial position, the response curvesmove
down, which is caused by thermal strain due to temperature rise.
The difference between the solid line and the dotted line reflects
the pyroelectric effect, which is determined by the pyroelectric
constantP3, temperature variation �, and displacement fields q. It can

be seen from Fig. 11 that the thermal strain has a great effect on dome
height and the pyroelectric effect has a relatively small but still
noticeable effect on dome height.

Assuming the temperature variation is changed from�20 to 20�C,
the step is 2.5�C, and at the same time, the applied voltage is kept
fixed at 100 V, the relative errors of dome height due to neglecting
pyroelectric effect are calculated as a solid line in Fig. 12, in which
each dot corresponds to a temperature variation. Similarly, when the
applied voltage is kept fixed at �100 V and others are the same, the
relative errors are calculated as a dotted line in Fig. 12.

The following conclusions can be made from Fig. 12: the
pyroelectric effect is relatedwith voltage applied; for the two cases of

A D

B

y
z

xo
C

Fig. 7 A 50:8 � 12:7 mm rectangular actuator.

Fig. 9 Actuator’s full dynamic response of dome height.

Fig. 10 Actuating displacement under various loads.

Fig. 8 Room-temperature shape.

Fig. 11 Dome-height responses due to excitations.

Fig. 12 Pyroelectric effect of various temperature variations.
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temperature rise and temperature decline, their pyroelectric effects
are symmetry; and the nonlinear relation between pyroelectric effect
and temperature variation is convex curve.

Although temperature variation has significant effect on
THUNDER actuator’s dome height, a THUNDER actuator itself
has the ability to feel and reduce the effect. To investigate the
ability, assuming environment temperature rises 10�C, the response
of dome height without loads is calculated as the dotted line in
Fig. 13. To reduce the effect of temperature variation, a voltage
of�100 V is applied on the actuator, and the control effect is shown
in Fig. 13.

It can be seen from Fig. 13 that the actuator has a good potential to
reduce the influence caused by temperature variation, and the
pyroelectric effect cannot be ignored in precise control.

V. Conclusions

The actuating capability of a THUNDER actuator is closely
related with its manufacturing process, and the mechanical analysis
of the three stages is beneficial in understanding its working
mechanism. Simultaneously, since temperature variation is difficult
to avoid in engineering applications, it is of great significance to
study the piezothermoelastic coupling problems.

In this study, for THUNDER actuator’s special structures, a mixed
piezothermoelastic finite element model is presented. For the cooling
process, repoling process, and actuating process, the dynamic
behavior is studied and well correlated by the variable of initial
displacement. The following conclusions can be drawn from the
numerical results:

1) The mixed piezothermoelastic finite element model presented
in this paper has good accuracy.

2) The nonlinear relationship between actuating capability and
loads is a concave curve.Relative to linear relation, the concave curve
is beneficial in increasing its capacity in actuating displacement and
bearing load.

3) When temperature is varied in engineering application, thermal
strain has a great effect and the pyroelectric effect has a relatively
small but still noticeable effect on domeheight; the pyroelectric effect
is relatedwithvoltage applied; for the twocaseof temperature rise and
temperature decline, their pyroelectric effects are asymmetric; the
nonlinear relationship between pyroelectric effect and temperature
variation is a convex curve.

4) Although temperature variation has a great effect on
THUNDER actuator’s dome height, a THUNDER actuator itself has
a good ability to reduce the effect, inwhich the pyroelectric effect has
an evident effect and cannot be ignored in precise control.

Appendix: Expressions of Symbols in Eqs. (21–23)

M uu �
Z
VAL�VSI1�VPZT�VSI2�Vsteel

�NT
uNu �q dV

K uu �
Z
VAL�VSI1�VPZT�VSI2�Vsteel

BTuS
EBu dV

K t0
uu �

Z
VAL�VSI1�VPZT�VSI2�Vsteel

BTuS
EB0

u dV

B 0
u � �BL �Bnon	q�q0

K u� �
Z
VPZT

BTueB� dV

K q� �
Z
VAL�VSI1�VPZT�VSI2�Vsteel

BTu�N� dV

F f �
Z
Stop�Sbottom

NT
uf dS

F pb
�
Z
VAL�VSI1�VPZT�VSI2�Vsteel

NT
uPb dV

K �u �
Z
VPZT

BT�e
TBu dV

K t0
�u �

Z
VPZT

BT�e
TB0

u dV

K �� �
Z
VPZT

BT�"
EB� dV

K �� �
Z
VPZT

BT�PN� dV

F � �
Z
SPZT

�	0Vz=tPZT	 dS

C �u1 � T0
Z
VAL�VSI1�VPZT�VSI2�Vsteel

NT
��

TBu dV

C �u2 � T0
Z
VAL�VSI1�VPZT�VSI2�Vsteel

NT
��

T _Bu dV

C �� � T0
Z
VPZT

NT
�P

TB� dV

C �� � T0
Z
VAL�VSI1�VPZT�VSI2�Vsteel

NT
��N� dV

K �� �
Z
VAL�VSI1�VPZT�VSI2�Vsteel

kBT�B� dV

K ��h
�
Z
Stop�Sbottom

hvN
T
�N� dS

F �c
�
Z
Shc

�NT
� 	Shcqheat dS

Fig. 13 Effects of control on temperature rise.
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F�h �
Z
Stop

�NT
� 	Stophv�T1 � T0	 dS

�
Z
Sbottom

�NT
� 	Sbottomhv�T1 � T0	 dS
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